Abstract. We approach the problem of finding the sharp sufficient condition of the boundedness of all two weight Calderón-Zygmund operators. We solve this problem in L 2 by writing a formula for a Bellman function of the problem.
1. Introduction 1.1. Preliminaries. In this paper we give a simple Bellman function solution of the so-called "bump onjecture" for the two weight estimates of the singular integral operators.
The original (still open) question about two weight estimates for the singular integral operators is to find a necessary and sufficient condition on the weights w and v such that a Calderón-Zygmund operator T : L p (u) → L p (v) is bounded, i.e. the inequalitŷ
holds.
In the one weight case v = u the famous Muckenhoupt condition is necessary and sufficient for (1.1)
where the supremum is taken over all cubes Q. More precisely, this condition is sufficient for all Calderón-Zygmund operators, and is also necessary for classical (interesting) Calderón-Zygmund operators, such as Hilbert transform, Riesz transform (vector-valued, when all Riesz transforms are considered together), Beurling-Ahlfors operator.
The inequality (1.1) is equivalent to the boundedness of the operator M v 1/p T M u −1/p in the non-weighted L p ; here M ϕ is the multiplication operator, M ϕ f = ϕf . Denoting w = u −p ′ /p we can rewrite the problem in the symmetric form as the L p boundedness of M v 1/p T M w 1/p ′ .
So the problem can be stated as: Describe all weights (i.e. non-negative functions) v, w such that the operator M v 1/p T M w 1/p ′ is bounded in (the non-weighted) L p Note, that this symmetric formulation is is more general than (1.1), because in (1.1) is is usually assumed that u and v are locally integrable, but also for (1.1) to hold for interesting operators (Hilbert Transform, vector Riesz Transform, Beurling-Ahlfors Transform, etc.) the function 1/u also has to be locally integrable.
For the interesting operators the following two weight analogue of the A p condition is necessary for the boundedness of the operator M v 1/p T M w 1/p ′ :
or in the symmetric form
Simple counterexamples show that this condition is not sufficient for the boundedness. So a natural way to get a sufficient condition is to replace the L 1 norms of v and w in (1.3) (or the L p and L p ′ norms of v 1/p and w 1/p ′ ) by some stronger Orlicz norms ("bumping" the L p norms).
Namely, given a Young function Φ and a cube Q one can consider the normalized on Q Orlicz space L Φ (Q) with the norm given by
And it was conjectured (for p = 2) that if the Young functions Φ 1 and Φ 2 satisfy the condition
implies that for any bounded Calderón-Zygmund operator T the operator M v 1/2 T M w 1/2 is bounded in L 2 . Usually in the literature a more complicated (although equivalent) form of this conjecture was presented, but at least in the case p = 2 condition (1.5) seems more transparent. The bump condition was also stated for p = 2, but in this paper we only deal with the case p = 2.
Condition (1.5) was considered in numerous papers in the attempt to prove its universal sufficiency for all Calderón-Zygmund operators. The reader can find beautiful approaches in [1] , [3] , [4] , [5] , [6] , [12] , [18] , [19] , where partial results for some Calderón-Zygmund operators were proved (note that [19] is about maximal operator and not about Calderón-Zygmund operators). Finally in [13] the sufficiency of bump condition for all Calderón-Zygmund operators to be bounded was fully proved (and even generalized to all p ∈ (1, ∞)), although in formally less general situation of the weights.
Simultaneously and independently the first version of the present paper [16] appeared. Slightly earlier the sketch of the approach (with the main ideas but without much details) was circulated as [15] . A very diligent reader will recognize that the approaches in the present paper (and thus in earlier versions [15] , [16] ) and in Lerner's paper [13] are very different, but still have something in common. This very important common point is the "coupling by the same cube" feature. It is the main winning idea of [13] . And it is the feature of the present paper (and [15] , [16] ) as Bellman function approach automatically should have this feature.
1.2.
What is done in the paper. Formally, in this paper we prove the L 2 case of the bump conjecture using Bellman function method. As it is now well-known, a general Calderón-Zygmund operator can be represented as an average of dyadic shift and paraproducts, so it is sufficient to prove the estimates for such operators, and that is exactly what is done in the paper.
However we think that the results obtained obtained in the paper that were used to prove the bump conjecture are of significant interest by themselves; probably they are even more interesting than the solution of the bump conjecture.
Let us shortly describe what is done in the paper. First, the Orlicz norm is not easy to work with. We introduced a lower bound for the Orlicz norm, which gives a more tractable, in our opinion, way to "bump" the averages. In particular, it allowed us to apply the Bellman function method.
The application of the Bellman function method is pretty standard, with one little twist: one of the argument belongs to an infinite-dimensional space.
The estimates for the Haar shifts and for the paraproducts are reduced to two embedding theorems, so the operators are constructively factorized through ℓ 2 . This essentially means that the bump condition is a rather rough one, since in more delicate two weight situations no such factorization appeared to be possible (at lest no factorization was found).
Namely, it is known, see [17] , that in the case of power bumps (Φ(t) = t 1+ε ) one can insert a Muckenhoupt A p weight between w −1 and Cv, so the boundedness follows immediately. For finer bumps such insertion of A p weights is impossible, but the constructive factorization through ℓ 2 can be considered the best next thing.
Finally, the main estimates are proved in very general (non-homogeneous) martingale settings, and can be used in more general situations. In particular, our results give the proof of the bump onjecture for the Calderón-Zygmund operators on geometrically doubling metric spaces (equipped with a doubling measure). Indeed, since random "dyadic" lattices can be constructed on geometrically doubling metric spaces, and representation of Calderón-Zygmund operators on such spaces as an average of Haar shifts is now known, everything follows from our results (see Theorem 2.3 below).
1.3. Orlicz norms and distribution functions. Orlicz norm is not very convenient to work with, so we would like to replace it be something more tractable.
1.3.1. A lower bound for the Orlicz norm. Let Φ be a continuous nonnegative increasing convex function such that Φ(0) = 0 and´+
. Then Ψ(s) is positive and decreasing for s > 0 and sΨ(s) is increasing. Moreoveŕ 0 ds sΨ(s) < +∞. Indeed, using our parameterization we can rewrite the last integral asˆ+ 
Proof. The left hand side scales like a norm under multiplication by constants, so it is enough to show that if w L Φ (I) ≤ 1, i.e.,
is bounded by a constant. Since sΨ(s) increases, we may have trouble only at +∞ It is cleat that it suffices to estimate the integral over the set where Ψ(N (t)) > Φ ′ (t) but since Ψ is decreasing this means that N (t) ≤ C/(Φ(t)Φ ′ (t)), so we get at most´+ ∞ Φ(t) −1 dt and we are done.
Remark. In the above Lemma 1.1 we do not need the assumption that
But in what follows this assumption will be needed, and the reasoning in the beginning of this section shows that for any Young function Φ satisfyinǵ ∞ (Φ(t)) −1 dt < ∞ we can find Ψ from Lemma 1.1 satisfying (1.8).
1.3.2. Examples. In the above section only the behavior of Φ at +∞ (equivalently, the behavior of Ψ near 0) was important, so we will concentrate our attention there.
Let
so Ψ(s) := (ln(1/s)) α satisfies the assumptions of Lemma 1.1: to see that we notice
and Ψ(s) = ln(1/s)(ln ln(1/s)) α works. because again ln(Φ(t)Φ ′ (t)) ∼ ln t. Note that in both examples´0(sΨ(s)) −1 ds < ∞.
The examples of Young functions with higher order logarithms are treated similarly.
1.4. Main result. Let Ψ 1 , Ψ 2 : (0, 1] → R + be as above, i.e. Ψ 1,2 are decreasing, s → sΨ 1,2 (s) are increasing and
Recall that for a weight w the normalized distribution function N w Q is defined by (1.6) Theorem 1.2. Let the weights v, w satisfy
here the supremum is taken over all cubes Q, and n Ψ is defined by (1.7).
Then for any bounded Calderón-Zygmund operator T the operator
is bounded in L 2 .
Reductions: Haar shifts, paraproducts and embedding theorems
First, let us reduce the problem to its dyadic (martingale) analogue, i.e. to the estimates of the so-called Haar shifts and papraproducts.
Since a bounded Calderón-Zygmund operator can be represented as a weighted average (over the random dyadic grids) of Haar shifts and paraproduct and their adjoins, where the weights decay exponential in complexity of the Haar shifts, it is sufficient to get the estimates for the Haar shifts that grow sub-exponentially (for example, polynomially) in the complexity of the shifts and the estimates for the paraproducts (there is no complexity of the paraproducts).
The estimates for each operators will be in turn factored into two embedding theorem, and these embedding theorem are proved in this paper.
The embedding theorems and so the estimates of the Haar shifts and paraproducts hold in very general martingale settings,
Let A be the σ-algebra generated by all the partitions L k . In what follows all functions on X we consider will be assumed to be A-measurable.
With respect to this σ-algebras we can define martingale averaging operators E k , and martingale difference operators ∆ n k := −E k + E k+n . We adapt the following notation. ch I
The collection of children of
The collection of children of the order k of I ∈ L; ch 0 (I) = {I},
The averaging operator, E I f := f I 1 I ; note that
Martingale difference operator of order n,
Since the measure µ is assumed to be fixed we sometimes will be using |E| for µ(E) and dx for dµ(x). We also will be using L 2 for L 2 (µ)
The prototypical example is X = R or R d with L being a dyadic lattice D.
Haar shifts.
Definition 2.1. A Haar shift S of complexity n is is given by
where the operators S Q act on ∆ n Q L 2 and can be represented as integral operators with kernels a Q , a Q ∞ ≤ |Q| −1 . The latter means that for all
This is a slightly more general definition than the one in [10] , but only the estimate a Q ∞ ≤ |Q| −1 is essential for our construction. Note also that according to the definition in [10] the complexity of the corresponding shift is n − 1, not n, which really does not matter; we just find our definition of complexity a bit more convenient.
The estimate a Q ∞ ≤ |Q| −1 means that the operators
Haar shifts of complexity 1 are simply "L 1 × L 1 normalized" martingale transforms; martingale transform here means in particular that the subspaces ∆ I are orthogonal, and S can be represented as an orthogonal sum of the operators S Q . A Haar shift of complexity n ≥ 2 is not generally a martingale transform, meaning that the subspaces ∆ n Q generally intersect, so S does not split into direct sum of S Q .
However, if one goes with step n, then the corresponding operator is a martingale transform, so a Haar shif of complexity n can be represented as a sum of n Haar shifts of complexity 1. Namely, for k = 1, 2, . . . , n − 1 define
and let
Then S = n−1 k=0 S k and each S k is a Haar shift of complexity 1 with respect to the lattice L k .
Therefore, uniform estimate for the Haar shifts of complexity 1 (i.e. for the "L 1 × L 1 normalized" martingale transforms) gives the linear in complexity estimate for the general Haar shifts.
Paraproducts. Given the lattice L and a locally integrable function
The necessary and sufficient condition for the paraproduct to be bounded is that sup
In the case of dyadic lattice in R d or, more generally in the homogeneous situation, when
this condition is equivalent to b belonging to the corresponding martingale BMO space BMO L 2.4. Reduction to the martingale case. To reduce the problem to the martingale case we use the following result can be found in [9] and [10] :
There exists a probability space (Ω, P) of dyadic lattices D ω , such that
where S n (ω) are Haar shifts of complexity n with respect to the lattice D ω , 
Then the operator M v 1/2 ΠM w 1/2 is bounded in L 2 by C, where again C depends on Ψ 2 , Ψ 2 , the supremum in (1.9), but not on the lattice L. As it was discussed above, (i) implies (ii)
for all f ∈ L 2 (w); here C = C(Ψ) and in the summation we skip I on which w ≡ 0.
Let us see that this theorem implies the condition (i) of Theorem 2.3. Assume, multiplying the weights by appropriate constants that the inequality
. the second inequality here follows from "L 1 × L 1 normalization" condition (2.1), the second one from (2.4) and the last one is just the trivial inequality 2xy ≤ x 2 + y 2 . Applying Theorem 2.5 to each sum we get that
Replacing f → tf , g → t −1 g, t > 0 we get
Taking infimum over all t > 0 and recalling that 2ab = inf t>0 (t 2 a + t −2 b for a, b ≥ 0 we obtain
which is exactly statement (i) of Theorem 2.3. For the statement (iii) of Theorem 2.3 we also need another embedding theorem. Theorem 2.6. Let Ψ be as above. Then for any normalized Carleson sequence {a I } I∈D (a I ≥ 0), i.e. for any sequence satisfying
where again C = C(Ψ).
Let us show that this theorem together with Theorem 2.5 implies statement (iii) of Theorem 2.3. Let a I = ∆ I b 2 ∞ . Again, multiplying if necessary the weight v w by appropriate constants we can assume (2.4). Then we can write
the second inequality holds because of (2.4), and the last one is just the Cauchy-Schwartz. Estimating the sums in parentheses by Theorem 2.6 and 2.5 respectively we get statement (iii) of Theorem 2.3. In what follows we can consider only finitely supported functions N , and then use standard approximation reasoning. Consider two distribution functions N and N 1 and let ∆N = N 1 − N . Denote also
the motivation for this notation is that if N and N 1 are the distribution functions of the weights w and w 1 , then the integrals are the averages on the corresponding weights. Denote also
Let us compute derivatives of u in the direction of ∆N . The first derivative is given by
Therefore we can write
The second derivative in the direction ∆N = N 1 − N is given by
By Cauchy-Schwarz, the integral in the right side is at least
For the scalar variable f ∈ R and the distribution function N define the Bellman function B(f, N ) = B(f , u(N )) where
Computing second derivative of B in the direction ∆ = (∆f , ∆N ) we get
The Hessian is easy to compute
note that this matrix is positive semidefinite.
Since B u = −f 2 /u 2 , we get using (3.5)
Thus, gathering everything and using (3.4) we get
The matrix here is obtained from the Hessian in (3.6) by multiplying the lower right entry by 1 + u 2κ 2 n ≥ 1, so it has more positivity than the Hessian. In particular, if we divide the upper left entry of the matrix in (3.7) by the same quantity 1 + u 2κ 2 n , the matrix still be positive semidefinite. But our matrix in (3.7) has something bigger in the upper-left corner! Therefore, since
the last inequality holds because u ≤ 2w ≤ Cn.
But (3.8) is the exactly the differential form of the inequality we need! 3.2. Main inequality in the finite difference form.
Dyadic case.
Lemma 3.1. Let
where c is the constant from (3.8).
Proof. Notice that
here the first inequality holds because Ψ is decreasing and the second one because sΨ(s) is increasing. Of course, we can interchange s 1 and s 2 in the above inequality.
Taylor's formula together with the estimate (3.8) imply that
for some τ ∈ (0, 1).
Estimate (3.10) implies that
Then it follows from (3.11) that
Recalling the definition of F and dividing this inequality by 2 we get (3.10).
General case.
Let ϕ and B be as above.
Proof. The reasoning below is a "baby version" of the reasoning used to prove the main estimate (Lemma 6.1) in [22] .
For a weight
Let · , · α be the standard duality x, y α = n k=1 α k x k y k . Define e ∈ ℓ p (α), e = (1, 1, . . . , 1) . Consider the quotient space X = ℓ 1 (α)/ span{e}. For x ∈ ℓ 1 (α) let
x, e α e, so n k=1 α k x 0 k = 0. Then
Indeed, the first inequality is trivial (follows from the definition of the norm in the quotient space). As for the second one, | x, e α | ≤ x ℓ 1 (α) , so it follows from the triangle inequality that
This inequality remains true if one replaces x by x − αe, α ∈ R, so the second inequality in (3.13) is proved.
The dual space X * can be identified with s subspace of ℓ ∞ = ℓ ∞ (α) consisting of x * ∈ ℓ ∞ (α) such that e, x * α = 0 (with the usual ℓ ∞ -norm).
So, for the vector
By Lemma 3.1
We know that
(the second equality holds because n k=1 α k β k = 0), so the right side of (3.14) is estimated below by
Since the function B is convex
and adding these inequalities we can estimate above the left side of (3.14) by
3.3. From main inequality (3.12) to Theorem 2.5. Fix an interval I 0 and let I k be its children. Applying Lemma 3.2 with
Applying this formula to all children of I 0 , then to their children and adding up the inequalities we get after going n generations down that c 16
We know that B(f , N ) ≤ C 
Therefore, estimating the right side we get c 16
Since the right side does not depend on n we can make n → ∞, and have the sum in the left side over all I ∈ L, I ⊂ I 0 .
Taking the sum over all I 0 ∈ L −m and letting m → ∞ we get conclusion of the theorem. 4 . Proof of (the Embedding) Theorem 2.6.
4.
1. An auxiliary function. Let Ψ be the function from Theorem 2.6. Define ϕ(s) := sΨ(s).
For the numbers A ∈ [1, 2] , N ∈ R + define
Lemma 4.1. The function T is convex and satisfies the differential inequality
Proof. Differentiating the integral we get
since ϕ is increasing and A ≤ 2.
To prove the convexity notice that T is linear on the lines N = kA, so the Hessian d 2 T degenerates.
Differentiating (4.1) we get
Note that the right side is positive if sϕ ′ (s) < 2ϕ(s) (because ϕ(s) > 0). But for our function even a stronger inequality sϕ ′ (s) ≤ ϕ(s) is satisfied! Indeed, since ϕ(s) = sΨ(s) is increasing and Ψ is decreasing, then
(the second inequality holds because Ψ is decreasing). Multiplying this inequality by s we get sϕ ′ (s) ≤ ϕ(s). Therefore, since ϕ(s) > 0, we conclude that
∂A 2 > 0. But the Hessian d 2 T is singular, and it is an easy exercise in linear algebra to show that a singular Hermitian 2 × 2 matrix with a positive entry on the main diagonal is positive semidefinite.
4.2.
Bellman function and the main differential inequality. Let now N be a distribution function, and let
As in Section 3.1 assume, multiplying Ψ by an appropriate constant, that 
We claim that the function B is convex. Indeed, fix a direction ∆ := (∆f , ∆N, ∆M ) T and compute the second derivative B ′′ ∆ in this direction
We get
The Hessian
is clearly positive semidefinite, so the first term is nonnegative. For the second term notice that
because T , and therefore T is convex. Thus B ′′ ∆ ≥ 0, so B is convex. Let us compute the partial derivative
the second inequality here is just the Cauchy-Schwartz. Combining with (4.3) and recalling that u ≤ 2w we get
This inequality (together with the convexity of B) is the main differential inequality for our function.
Finite difference form of the main inequality. Let
where n = n(N ).
Indeed, for
The convexity of B implies that
which together with the previous inequality gives us (4.5).
4.4.
From main inequality (4.5) to Theorem 2.6. The reasoning here is almost verbatim the same as in Section 3.3.
For an interval let us I ∈ L denote f I = f w 1/2 N I ). Fix I 0 ∈ L, and let I k be its children. Applying the inequality (4.5) with
Writing the corresponding estimates for the children of I 0 , then for their children, we get after going n generations down and using the telescoping sum in the right side 1 16
the last inequality holds because B ≥ 0. Since B(X I ) ≤ f Conclusion of the proof is exactly as in Section 3.3: we first let n → ∞, and then taking the sum over I 0 ∈ L −m and letting m → ∞ get the desired estimate.
Concluding remarks and open problems
5.1. One sided bumps. The famous theorem of P. Koosis [11] states that given a weight u on the unit circle, one can find a non-zero weight v such that the Hilbert transform T is bounded as an operator from L 2 (u) to L 2 (v) if and only if 1/u ∈ L 1 . The same result hods for the maximal function, see [21] .
So it is possible to have a situation when one has two weight estimates, but one cannot "bump" the L 1 -norm of 1/u (w in our notation). This leads to a very natural in our opinion) question "can one "bump" only one weight to get the two weight estimate?" For example, can one find a reasonable Young function Φ that the condition
implies the boundedness inL 2 of the operator M v 1/2 T M w 1/2 for all (bounded) Calderón-Zygmund operators T ? Note, that for maximal function a one sided bump condition (but with the bump on the "wrong" side) is sufficient. Namely, it follows from the result in [19] that if´∞(Φ(x)) −1 dx < ∞ and the weights v, w satisfy
then the operator M v 1/2 MM w 1/2 , where M is the Hardy-Littlewood maximal operator, is bounded in L 2 . It is natural to remark here that in [16] we demonstrated this result of Pérez by almost precisely the same Bellman function that the reader saw above.
Estimates for general measures.
A standard way to set up the two weigh estimate problem for integral operators is to make the change of variables so in the integral operator one integrates with respect to the same measure that is used to compute the norm in the domain.
namely, if one defines measures µ, ν, dµ = wdx, dν = vdx, then the L p boundedness of the operator M v 1/p T M w 1/p ′ is equivalent (at least formally) to the boundedness of the operator T µ : L p (µ) → L p (ν), where T µ f (x) =ˆK(x, y)f (y)dµ(y); K here is the kernel of the Calderón-Zygmund operator T .
In fact, everything can be interpreted absolutely rigorously. The boundedness of such operators can be interpreted as uniform boundedness of the smooth truncations; in fact such uniform boundedness is equivalent to the boundedness of the bilinear form on functions with separated compact supports, i.e. to the weakest possible notion of boundedness, see [14] .
This setting give the most general form of the two weight problem, since µ and ν can be general measures, not necessarily absolutely continuous, they even can be purely singular. So the question arises, "how one can bump general measures?" The approach with Orlicz spaces, or any other functions spaces works only for absolutely continuous measures.
